Abstract. We give a new Tian-Todorov lemma on deformations of CR-structures and use it to reprove the deformation unobstructedness of normal compact strongly pseudoconvex CRmanifold under the assumption of d ′ d ′′ -lemma, more faithfully following Tian-Todorov's approach.
Introduction
It is a celebrated result in deformation theory that the deformations of Calabi-Yau manifold are unobstructed, by the Bogomolov-Tian-Todorov theorem, due to F. Bogomolov [Bo] , G. Tian [Ti] and A. Todorov [To] . Z. Ran and Y. Kawamata give pure algebraic proofs in [Kaw, Ra] independently and see also another proof in [Cl] . The remarkable generalization of BogomolovTian-Todorov theorem to the logarithmic case is due to L. Katzarkov-M. Kontsevich-T. Pantev [KKP] and D. Iacono [Iac] by Deligne's spectral sequence (see also a more analytic argument in [LRW] ). In [Po] , D. Popovici proved the Kuranishi family of Calabi-Yau ∂∂-manifolds is unobstructed. In Popovici's paper, a compact complex manifold X will be said to be a ∂∂-manifold if the ∂∂-lemma holds on X, which means for every pure-type d-closed form on a complex manifold, the properties of d-exactness, ∂-exactness,∂-exactness and ∂∂-exactness are equivalent on X. Obviously, the ∂∂-lemma is a weaker property than the Kählerness.
Moreover, for the deformation of CR-structures, T. Akahori-K. Miyajima obtain a corresponding result in [AkM] . Firstly, they proved the so called "a CR-analogue of Tian-Todorov's lemma". Then, by using Lemma 1.1 and Hodge theory, Akahori-Miyajima follow the approach of Tian [Ti] and Todorov [To] to obtain the unobstructedness for deformations of CR structures.
Theorem 1.2 ([AkM, MAIN THEOREM])
. Let (M, 0 T ′′ ) be a normal strongly pseudoconvex manifold with dim R M = 2n − 1 ≥ 7. And we assume that its canonical line bundle K M = ∧ n (T ′ ) * is trivial in CR-sense. Then the obstructions in ı Then we reprove the main theorem by the iteration methods more faithfully along the lines of the approach in Tian [Ti] and Todorov [To] after we establish the following crucial lemma. As Miyajima proposed in [Miy] , it is an interesting to present a non-trivial example of normal strongly pseudo-convex CR manifold on which the d ′ d ′′ -lemma holds. Moreover, we believe that it is worth studying the analogous criteria of the ∂∂-lemma for a normal strongly pseudo-convex CR manifold to the works [ATo, ATa] under some suitable assumptions on the manifolds.
In this paper, we will follow the notations and definitions in [AkM] and [LR] . Without specially mentioned, all the subindexes are assumed to be nonnegative integers.
Preliminaries
2.1. CR structures. Let M be a C ∞ orientable real odd dimensional manifold. Let E ba a subbundle of the complexified tangent bundle C ⊗ T M satisfying:
). An integrable almost CR structure is referred to as a CR structure, and a pair (M, E) consisting of a C ∞ manifold and a CR structure is a CR manifold. It is well known in CR geometry that if M is a real hypersurface of X, then 0
Let X be a complex manifold and let r be a C ∞ exhaustion function on X which is strictly plurisubharmonic except a compact subset of X. Let Ω = {x : x ∈ X, r(x) < 0} and assume that the boundary bΩ of Ω is smooth. Then we can naturally put a CR-structure over bΩ. Namely, we set
Then we have
For our pair (bΩ, 0 T ′′ ), we set a C ∞ vector bundle isomorphism
where ζ is a real vector field supplement to 0 T ′′ + 0 T ′′ . This decomposition gives rise to a Levi where [X,Ȳ ] Cζ refers to the Cζ-part with respect to the decomposition (2.1). A CR structure is strongly pseudoconvex if its Levi form is (positive or negative) definite at each point.
Let (M, 0 T ′′ ) be a compact strongly pseudoconvex CR-manifold. Furthermore we assume that (M, 0 T ′′ ) admits a normal vector field, namely there is a global vector field ζ on M satisfying:
for every point p of M , and
where
And we have
). An almost CR-structure φ T ′′ is an actual CRstructure if and only if φ satisfies the non-linear partial differential equation P(φ) = 0.
where ∂ b means the T ′ -valued tangential Cauchy-Riemann operator on M . Here we define the tangential Cauchy-Riemann operators
2.2. Kuranishi family and Beltrami differentials. Here we give a rough introduction to Kuranishi family to describe the notation of deformation unobstructedness in complex geometry. By (the proof of) Kuranishi's completeness theorem [Ku] , for any compact complex manifold X 0 , there exists a complete holomorphic family ̟ : K → T of complex manifolds at the reference point 0 ∈ T in the sense that for any differentiable family π : X → B with π −1 (s 0 ) = ̟ −1 (0) = X 0 , there is a sufficiently small neighborhood E ⊆ B of s 0 , and smooth maps Φ : X E → K, τ : E → T with τ (s 0 ) = 0 such that the diagram commutes
Φ maps π −1 (s) biholomorphically onto ̟ −1 (τ (s)) for each s ∈ E, and
is the identity map. This family is called Kuranishi family and constructed as follows. Let {η ν } m ν=1 be a basis for H 0,1 (X 0 , T
, where some suitable hermitian metric is fixed on X 0 and m ≥ 1; Otherwise the complex manifold X 0 would be rigid, i.e., for any differentiable family κ : M → P with s 0 ∈ P and κ −1 (s 0 ) = X 0 , there is a neighborhood V ⊆ P of s 0 such that κ : κ −1 (V ) → V is trivial. Then one can construct a holomorphic family
for t ∈ D ρ a small ρ-disk, of Beltrami differentials as follows:
and for |I| ≥ 2,
where G is the associated Green's operator. A Beltrami differential of X is a holomorphic tangent bundle-valued (0, 1)-form on X. It is obvious that ϕ(t) satisfies the equation
where H is the associated harmonic projection. Thus, for each t ∈ T , ϕ(t) satisfies
and determines a complex structure X t on the underlying differentiable manifold of X 0 . More importantly, ϕ(t) represents the complete holomorphic family ̟ : K → T of complex manifolds. Roughly speaking, Kuranishi family ̟ : K → T contains all sufficiently small differentiable deformations of X 0 . We call the analytic subset T the Kuranishi space of this Kuranishi family. Moreover, if T = D ρ , the deformation of X is unobstructed (in ϕ 1 (t)). The deformation unobstructedness of CR-structured can be defined analogously.
Twisted commutator formula on generalized complex manifolds
In this section, we introduce a twisted commutator formula on generalized complex manifolds to prove the "a CR-analogy of Tian-Todorov lemma" in the next section 4.
First of all, let us introduce some notations on generalized complex geometry. LetM be a smooth manifold, T := TM the tangent bundle ofM and T * := T * M its cotangent bundle. In the generalized complex geometry, for any X, Y ∈ C ∞ (T ) and ξ, η ∈ C ∞ (T * ), T ⊕ T * is endowed with a canonical nondegenerate inner product given by
where we denote by ι X the contraction of a differential form by the vector field X. And there is an important canonical bracket on T ⊕ T * , so-called Courant bracket, which is defined by
Here, we denote by L X the Lie derivative and [·, ·] on the right-hand side is the ordinary Lie bracket of vector fields. Note that on vector fields the Courant bracket reduces to the Lie bracket; in other words, if pr 1 : T ⊕ T * → T is the natural projection,
A generalized almost complex structure onM is a smooth section J of the endomorphism bundle End(T ⊕ T * ), which satisfies both symplectic and complex conditions, i.e. J * = −J and J 2 = −1. We can show that the obstruction to the existence of a generalized almost complex structure is the same as that for an almost complex structure (See [Gua, Proposition 4.15] ). Hence it is obvious that (generalized) almost complex structures only exist on the evendimensional manifolds. Let E ⊂ (T ⊕ T * ) ⊗ C be the +i-eigenbundle of the generalized almost complex structure J. Then if E is Courant involutive, i.e. closed under the Courant bracket (3.1), we say that J is integrable and also a generalized complex structure. Note that E is a maximal isotropic subbundle of (T ⊕ T * ) ⊗ C.
As observed by P.Ševera-A. Weinstein [SW] , the Courant bracket (3.1) on T ⊕ T * can be twisted by a real, closed 3-form H onM in the following way: given H as above, define another
which is called an H-twisted Courant bracket. Definition 3.1. A generalized complex structure J is said to be twisted generalized complex with respect to the closed 3-form H when its +i-eigenbundle E is involutive with respect to the H-twisted Courant bracket and then the pair (M , J) is called an H-twisted generalized complex manifold.
From now on, we consider the H-twisted generalized complex manifold (M , J) defined as above. Postponing listing some more notions in need, we must remark that they are not exactly the same as the usual ones since we just define them for our presentation below, and possibly miss their usual geometrical meaning. The twisted de Rham differential is given by
, a natural action of T ⊕ T * on smooth differential forms is given by
Actually, this action can be considered as 'lowest level' of a hierarchy of actions on the bundles T (⊕ r ∧ r T * ), r = 1, 2, · · · , defined by the similar formula
. Then in what follows we adopt the action of
whereˆmeans 'omission', the R-twisted Courant bracket
we take A i = X i + ξ i and B j = Y j + η j , and the action of [A i , B j ] R comply with the principle of (3.2). Here we note that if R is a 3-form and
is not necessarily a 1-form, but in C ∞ (T (⊕ ∧ * T * )); hence this bracket still makes sense under the action (3.2). Then we have the useful twisted commutator formula.
Proposition 3.2. For any smooth differential form ρ, any smooth odd-degree form R and any
Proof. See [LR, Proposition 4.2] , [Gua, Lemma 4.24] , [KL, (17) ] and [L, Lemma 2] .
As a direct corollary of Proposition 3.2, one has Corollary 3.3. For any smooth differential form ρ, any smooth 1-form R and any A, B ∈ C ∞ (∧ 2 E * ), we have
CR analogue of Tian-Todorov's lemma
We now focus on the basic operators in CR geometry, whose definitions and notations conform to [AkM] .
As proved in [Ak78] , if we let (M, E) be an abstract strongly pseudoconvex CR-structure with dim R M = 2n−1 ≥ 7, the vector bundle T ′ = 0 T ′′ +Cζ will be a CR-holomorphic vector bundle.
Therefore we can introduce the canonical line bundle ∧ n (T ′ ) * like in the complex manifold case.
, where θ is the 1-form defined by θ| 0 T ′′ + 0 T ′′ = 0 and θ(ζ) = 1. Here we denote by the contraction operator. We will see the relation between these operators. For arbitrary u as above,
And so
By comparing the type, we have the following relations. Namely, from the part in (Cζ)
Let (M, 0 T ′′ ) be a normal s.p.c. manifold with a real vector field ζ satisfying (2.2) and (2.3) and with dim R M = 2n − 1 ≥ 7. In this section, we will assume that the canonical line bundle K M = ∧ n (T ′ ) * is trivial in CR-sense, that is there exists a nowhere vanishing section
In this paper, we will consider a bundle isomorphism
holds. Now we have the Lie bracket on Γ(
M, 0 T ′′ ⊗ ( 0 T ′′ ) * ) is given by [φ, ψ](X, Y ) := [φ(X), ψ(Y )] + [ψ(X), φ(Y )] − φ([X, ψ(Y )]0 T ′′ + [ψ(X), Y ]0 T ′′ ) − ψ([φ(X), Y ]0 T ′′ + [X, φ(Y )]0 T ′′ ), for X, Y ∈ Γ(M, 0 T ′′ ).
And then a Lie bracket is induced on Γ(M, (Cζ)
1 β]. The main purpose of this paper is to obtain a CR-analogue of Tian-Todorov's lemma analyzing this induced Lie bracket. We will use the following two lemmata.
Lemma 4.1 ([AkM, Lemma 4.1]). For any point p ∈ M , there exists a local frame {e 1 , e 2 , · · · , e n−1 } of 0 T ′′ around p satisfying
From now on, we use the notation A p,q (M ) to denote
Proof. This lemma is a direct application of Corollary 3.3. We set
Then we set A = α i,k e i · e * k and B = β j,l e j · e * k . It is obvious that E in Corollary 3.3 is taken as 0 T ′′ ⊗ ( 0 T ′′ ) * in our case. For ease of notations, A = α i · e i , B = β j · e j , here
l ∧ e j , according to Lemma 4.2, we have
Hence, by substituting the five equalities above into the formula (3.3), we complete our proof.
So one has the obvious:
The deformation of CR-structures
In this section, we first introduce the double complex (F p,q , d ′ , d ′′ ) by Akahori-Miyajima [AkM] . Namely, one sets
Then by (4.1) and (4.2), for u ∈ F p,q , we have d ′′ u ∈ F p,q+1 and d ′ u ∈ F p+1,q . Form now on we will study (F p,q , d ′ , d ′′ ). First, we have
The next proposition describes the relation of T ′ -valued tangential Cauchy-Riemann operator
1 α β ∈ F n−3,2 . Let Z q be a subspace of F n−2,q given by
By the definition of P(ψ),
1 α α), where the last equality follows from Proposition 5.1 and Corollary 4.4. Then we have
In Tian-Todorov's approach, ∂∂-lemma for a compact Kähler manifold plays an essential role. We call the (
We use the notation
It is clear from the definition of J n−2,q that if d ′ d ′′ -lemma holds, then J n−2,q = 0 (2 ≤ q ≤ n − 1). The next lemma, an analogy of [To, Lemma 1.2.5] , is crucial for the proof of the main theorem and distinguishes our proof from that of Akahori-Miyajima [AkM] .
Lemma 5.4. Assume that φ k ∈ Z 1 and satisfy
for any k = 2, · · ·, l and
Then one has
Proof. Compare [To, Lemma 1.2.5] and also [LRY, Lemma 4.2] . Let ı −1
By the definition of ∂ b and Lemma 4.1,
According to Lemma 4.2, one has
So we have (5.4)
By assumption, combining (5.3) with (5.4) yields that for k = 2, · · ·, l,
Similarly, (5.6)
For the first term on the RHS of (5.6), one has
So we have
Since α
, the sum of terms with ζ vanishes. One calculates
where the sum of terms with ζ vanishes again. From assumption and (5.5) it follows that Now we can prove the main theorem of this paper.
Theorem 5.5 ( [AkM, MAIN THEOREM] ). Let (M, 0 T ′′ ) be a normal strongly pseudoconvex CR-manifold with dim R M = 2n − 1 ≥ 7. And we assume that its canonical line bundle K M = ∧ n (T ′ ) * is trivial in CR-sense. Then the obstructions in ı −1 1 (Z 1 ) appear in J n−2,2 which defined as (5.2). That is, if J n−2,2 = 0, then any deformation of CR structures in ı −1 1 (Z 1 ) is unobstructed.
Proof. We will construct a Z 1 -valued polynomial
